We systematically study the fluorescence of low-density Frenkel excitons in a crystal slab containing N T V-type three-level atoms. Based on symmetric quasispin realization of SU͑3͒ in large N limit, the two-mode exciton operators are invoked to depict various collective excitations of the collection of these V-type atoms starting from their ground state. By making use of the rotating-wave approximation, the light intensity of radiation for the single-lattice layer is investigated in detail. As a quantum coherence effect, the quantum beat phenomenon is discussed in detail for different initial excitonic states. We also test the above results analytically without the consideration of the rotating-wave approximation and the self-interaction of radiance field is also included.
I. INTRODUCTION
It is well known that the fluorescence of an exciton exhibits superradiant character due to the appearance of macroscopic transition dipole moment of the exciton. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] However this collective feature of exciton radiance depends upon dimensionality of crystal. In infinite bulk crystals, the exciton does not radiate because this exciton is dressed with a photon which has the same wave vector due to the transitional symmetry of the total system. As a result, a stable polariton is formed. 1 In the case of lower-dimensional systems, one can show that the exciton decays superradiantly due to breakdown of the translational symmetry. For example, the decay rates of exciton are of the order of (/a)␥ for one-dimensional ͑1D͒ crystals and (/a) 2 ␥ for 2D crystals, 2 with ␥ being the radiative decay rate for an isolated atom, a the lattice constant, and the light wavelength.
The enhanced factor (/a) D in the radiative width of exciton is now regarded commonly as one of the evidences of ''superradiance,' ' 10 which has been demonstrated in experiments for Frenkel excitons 13 and Wannier excitons. 14 Since the enhanced radiant effect can also appear in the usual superradiance of an ensemble of atoms, 15, 16 how can we distinguish the different features between the fluorescence of the excitons and that of the atomic ensemble? It is known that, in the fully population-inverted atom systems, the atoms radiate independently with each other in the initial stage. The back action of the emitted photon to the atoms results in the correlation among atoms. Consequently, the atoms become cooperative and thus the fluorescence from the atomic ensemble will show different statistical properties in the initial and final stages. On the other hand, the exciton fluorescence exhibits identical statistical character during the whole process. 17 Physically, this is because the initial dipole moments of the atoms are spatially random in an atomic ensemble, but in a semiconductor crystal, the dipole moment of exciton presents a macroscopic effect even at initial moment. So the optical properties of multidimensional quantumconfined semiconductor structures ͑MQCS͒, such as quantum wells, quantum wires, and quantum dots, have their own specific features in physical processes.
The optical properties of the MQCS in a semiconductor microcavity ͑SMC͒ have attracted more and more attention in the past decades. 18 The SMC with high-reflectivity dielectric mirrors leads to the realization of the strong coupling between radiation and matter. Moreover, since the opticalmode structure of the SMC may be altered around the MQCS, many new phenomena, such as tailoring the spontaneous-radiation rate and pattern, [19] [20] [21] the coupled exciton-photon mode splitting in a SMC, 22, 23 have been demonstrated. The resonant interaction between excitons and a single-mode cavity field and the corresponding detuning effect were further investigated. 24, 25 Most of these former works mentioned above dealt only with the two-level lattice atom case. However, the three-level atom case may be very useful to implement quantum information encoding and processing. 26 -30 Over the past few years, the cavity QED with the collective excitations of ensembles of three-level atoms has attracted much attention for quantum computing implementations. In this case, many atoms are entangled through their interaction with the common cavity field. To maintain quantum coherence in this quantum information processing, 31 it is important to reach the socalled strong-coupling regime where the single-photon coherent coupling g 0 ӷ␥, ␥ cav , the atomic and cavity dissipation ͑decoherence͒ rates, respectively. It is the symmetric collective excitation that can reach the strong-coupling regime without requiring a high finesse cavity because g 0 ϰͱN, the total number of atoms N. The quantum decoherence induced by the spatially inhomogeneous coupling between the matter field and the light field was investigated 32, 33 to study the possibility of quantum information processing and storage with atomic ensembles. In fact, the phenomena of superfluorescence or superradiance 34 -36 constitute another example of collective state dynamics. Recent experimental success clearly demonstrates the power of such an atomic ensemble based on the system for entangling macroscopic objects.
In the present paper, we study the fluorescence of lowdensity excitons in a crystal slab containing V-type threelevel atoms. The purpose of this paper is to investigate the quantum interference effect 38 in the time evolution of light intensity. In Sec. II, considering that the existence of the two-level atomic exciton is mathematically associated with the infinite-dimensional reducible representation of SU͑2͒ Lie algebra, 39 we can rationally define the exciton operators for the three-level case associated with SU͑3͒ algebra, which contains various SU͑2͒ subalgebras. With this conception, both the free part and the interaction part of the Hamiltonian can be written down in terms of the introduced two-mode exciton operators, which can be described by bosonic operators in the low-density limit. In Sec. III, with rotating-wave approximation ͑RWA͒ for the interaction (e/mc)p•A, the coupled equations for the exciton-photon system are solved with the help of Weisskopf-Wigner approach ͑WWA͒. 40, 41 In Sec. IV, the explicit expressions of the electric field operators are derived for the monolayer case. The light intensity as well as the first-and second-order degree of quantum coherence are calculated to show certain features of exciton fluorescence in a crystal slab containing three-level atoms. We discuss the phenomenon of quantum beat in the time evolution of the light intensity for various initial exciton states. In Sec. V, we consider the roles of both the non-RWA terms and the self-interaction term of photon. This consideration avoids ''unphysical'' roots of the characteristic equation when the nonperturbation approach given in Ref. 17 is used. The light intensity is calculated to compare with the results in Sec. IV. The conclusions are presented in Sec. VI with some remarks.
II. TWO-MODE EXCITON SYSTEM WITH SU"3… STRUCTURE
We consider a plane crystal slab with a simple cubic structure which contains a stack of N identical layers. V-type three-level atoms, as shown in Fig. 1 , occupy N T lattice sites, where N T ϭN L N and N L is the total lattice sites within each layer. The wave vectors of the excitons and light fields are all assumed perpendicular to the slab. We restrict ourselves to investigate only the low-density exciton region.
The interaction (e/mc)p•A between the radiation field and the multiatom system is written in the secondquantization form
where â q and â q † are the annihilation and creation operators of the photon with wave vector q along z, respectively, j and l denote the jth lattice site in the lth layer. g 1 
͑2͒
It is easy to prove that two sets of the operators
just generate two SU͑2͒ algebras not commuting with each other. This means the four collective operators E 1 (l) , E 2 (l) , F 1 (l) , and F 2 (l) do not span a product algebra SU(2) SU(2). A straightforward calculation in Appendix A checks that they satisfy SU͑3͒ algebra. Actually, the above four collective operators define a spinor realization of SU͑3͒ of N L ϩ1 dimensions. Furthermore, the unique number N L , atom number, determines the dimensions N L ϩ1 of representations of the two SU͑2͒ subalgebras. Since we understood the single-mode exciton in terms of the large N L limit of representations of SU͑2͒, it is easy to prove for SU͑3͒ case FIG. 1. ͑a͒ Energy structure of a V-type three-level atom. ⍀ 1 is the transition frequency of ͉g͘↔͉e 1 ͘, and ⍀ 2 is that of ͉g͘↔͉e 2 ͘.
The direct transition between the two upper states is forbidden. ͑b͒ A plane crystal slab with simple cubic structure containing a stack of N identical layers with N L sites within each layer.
that, in a very large N L and the low-density excitation region, the above defined collective operators Â (l) and B (l) become the bosonic ones obeying the commutation relation
where the ideal bosonic approximation is equivalent to the neglect of the phase-space filling effect and the excitonexciton interaction. 42 In terms of these collective operators, the two-mode Frenkel exciton operators with wave vectors kϭ(2m/Na) "m ϭϪ 
In fact their conjugates A k † and B k † are just the generators for the quasispin wave states
͑7͒
Since the operators Â k and B k commute with each other for very large N L and low excitation, they form an independent two-boson system. Then we obtain the interaction Hamiltonian for the the two-mode Frenkel exciton system coupled to a quantized electromagnetic field
where the coupling constants between the photons and excitons take the following form:
where q ϭ͉q͉c. The wave-vector matching factor 17 in Eq. ͑8͒ is
which is real and equal to 1 for kϩqϭ0, and O(kϩq) Ͻ1, for kϩq 0.
III. EQUATIONS OF MOTION WITH ROTATING-WAVE APPROXIMATION
In this section, we consider the RWA to deal with the interaction (e/mc)p•A between the radiation field and the multiatom system. After introducing the two-mode exciton operators in Eq. ͑6͒, the interaction Hamiltonian between the excitons and photons with RWA is obtained as
where we have neglected the higher-frequency ͑nonresonant͒ terms: ‫ץ‬ ‫ץ‬t
Taking the transform
͑15͒
to remove the fast varying factors, we obtain the formal equation for the exciton operator:
Here, the first term proportional to â q (0) is the so-called quantum noise term. The second term in the above equation corresponds to a multiphoton process ͑MPP͒ including stimulated emission and absorption effects. Its contribution can be ignored since it is a higher-order term from the standpoint of perturbation. 40 The last term in Eq. ͑16͒ can be solved by using the WWA, i.e., assuming that Ã k Ј (tЈ) varies sufficiently slowly so that it can be factorized outside the integral. The remaining part of the time integral of the last term in Eq. ͑16͒ can be evaluated and we get a Dirac ␦ function with variable ( q Ϫ⍀ 1 ) and a principal part P͓i/( q Ϫ⍀ 1 )͔ term, which contributes a frequency shift ͑Lamb shift͒. The equation of motion for B k (t) can also be obtained in the similar way. By using the WWA, and neglecting the MMP, we can solve the equations for both the two-mode excitons to obtain Ã k (t) and B k (t). Substituting them into Eq. ͑14͒, the explicit expression for â q (t) in terms of â q (0), Â k (0), and B k (0) can be obtained. Finally we can get the positive-frequency part of the electric field,
where we have taken the photon normalization volume V to be LA, with A being the area of the crystal slab, and assumed that the slab is located at the middle of the volume. When L is sufficiently large, the sum over q has been replaced by an integral:
For an arbitrary initial state ͉͘ϭ͉ ex ͘ ͉ L ͘ of the total system, the light intensity radiated from the two-mode exciton system is defined as
where the symbol '':•••:'' means the normal product according to the exciton operators. z is the position of a detector relative to the crystal slab. The first-order degree of coherence of fluorescence is given by
͑19͒
Similarly, one can also define the second-order degree of coherence as
IV. QUANTUM INTERFERENCE EFFECT IN LIGHT INTENSITY
In this section, the features of exciton fluorescence in the case of monolayer will be studied in detail. From the definition of the wave vector of excitons, when Nϭ1, it takes only one value kϭ0 and the wave-vector matching factor O(q Ϫk)ϭO(kЈϪq)ϵ1. Thus with the help of WWA, we get the equations of motion for exciton modes A 0 and B 0 as ‫ץ‬ ‫ץ‬t
͑22͒
in which
where
3 is the radiative decay rate of an isolated atom from ͉e 1 ͘ to ͉g͘, and ␥ 2 ϭ4⍀ 2 3 d 2 2 /3បc 3 is that of ͉e 2 ͘ to ͉g͘ , respectively. j ϭc/⍀ j , for jϭ1, 2, denote the reduced wavelengths. We find that, because of the implementation of WWA and the ignorance of MPP's in the derivation of Eqs. ͑21͒ and ͑22͒, the two-mode excitons decay independently in an exponential rule. Even though our treatment seems to be bold, we can get a useful result that the decay rates of excitons in two-dimensional crystal slab are proportional to the enhanced factor (/a) 2 . In Sec. V, we will consider a more complex case, in which a nonperturbation approach is used to restudy the radiative decay rates of the two-mode excitons without WWA, and the effects of MPP's will be also investigated there.
Substituting the solutions of Eqs. ͑21͒ and ͑22͒ into Eq. ͑14͒, we get the explicit expression of the photon annihilation operator â q (t) for the monolayer case:
in which ⍀ 0 j ϭ⍀ j ϩ⌬ j , for jϭ1, 2, are the renormalized physical frequencies, and ⌬ j are the Lamb frequency shifts,
Here ''P'' denotes for the Cauthy principle part, and ( q ) is the density of states of the radiation field. Therefore, one can obtain the positive-frequency part of the electric-field operator
͑31͒
The first term in Ê 0 (ϩ) (z,t) is just the free varying light field. The second term is proportional to the square of coupling constants. As mentioned in Eq. ͑17͒, the sum over the wave vector q can be replaced by an integral, thus two timedependent functions F A (z,t) and F B (z,t) in Eq. ͑30͒ are 
͑35͒
We assume that ⍀ 01 is much larger than all other quantities of the dimension of frequency, 23 so the lower limit of the integration can be extended to Ϫϱ. Therefore, the above integral over d q can be approximated by two ␦ functions with variables (tЈϪtϩz/c) and (tЈϪtϪz/c). In the region zϾ0 outside the layer, performing the integral over tЈ, we get
where ⌰ is a Heaviside function. Similarly, we can also obtain
From Eqs. ͑36͒ and ͑37͒, one can find that there is no advanced propagator proportional to e Ϫi(•••)(tϩz/c) appeared in the positive-frequency part of the electric-field operator Ê (ϩ) (z,t), so that the system is causal and well behaved. 40 It should be pointed out that F A (z,t) and F B (z,t) in Eqs. ͑36͒ and ͑37͒ show that the electric field of the fluorescence emitted from the two-mode excitons is a temporal damped plane wave, but does not decay with z. A realistic electric field, however, should decrease with z, which happens, especially when a light propagates from a medium with low refractive index to that of higher one. Besides, a realistic electric field should not simply be a plane wave. However, the theoretical calculations with this subtle consideration will be very complicated and do not provide us with necessary physics in general. Our ideal assumption of a plane wave propagating in z may work well for long-wavelength radiation near the crystal.
The vacuum state of the exciton may be defined as
which represents that there is no exciton contained in the crystal slab. Then number states for the two-mode excitons are
The coherent states can be formally defined as eigenvectors of exciton annihilation operators:
It is noticed that this definition can work well only in the low excitation case. This is because the generic expansion of a coherent state concerns the The fluorescence of the two-mode excitons will be studied in the following of this section. If one takes the initial state of total system as ͉͘ϭ͉ ex ͘ ͉͕0͖͘, i.e., all modes of the light field are initially in vacuum state, Ê 0 (ϩ) (z,t) in the positive-frequency part of the field operator of Eq. ͑30͒ gives zero contribution. Therefore, in the following calculations, we can neglect safely the ''quantum noise,'' the terms proportional to â q (0), and investigate only the influence of various initial exciton states on the fluorescence of the lowdensity excitations in the crystal slab.
We find that the light field emitted from the two-mode exciton system contains two eigenmodes: ⍀ 01 and ⍀ 02 . These two modes of the light field can give an interference if there are nondiagonal terms in the light intensity. To see this, we need to calculate the light intensity first. Substituting Eq. ͑30͒ and its Hermitian conjugate into Eq. ͑18͒, the light intensity is
where ͗•••͘ denotes ensemble average, ⍀ 3 ϭͱ⍀ 1 ⍀ 2 , and 3 ϭͱ 1 2 . The first two terms in Eq. ͑41͒ represent the average intensities of the two eigenmodes ⍀ 01 and ⍀ 02 , respectively. The last term proportional to When the exciton system is initially in a separable state (0)ϭ A B and both A and B can be diagonal in Fock representation, there are only two terms in the light intensity, which represent the contributions from the two-mode excitons, respectively. There is no nondiagonal term in the light intensity due to ͗Â 0 † (0)B 0 (0)͘ϭ0. The light intensity is
where ϭ 0 ͗m͘ B /͗n͘ A , 0 ϭ⍀ 2 2 /⍀ 1 1 , and ͗n͘ A (͗m͘ B ) is the initial mean number of A 0 -(B 0 -͒ mode excitons. Note that 0 is only determined by the intrinsic properties of the 2D sample. For a fixed 0 , can be used to describe the degree of unsymmetrical excitation within the crystal slab initially. Equation ͑42͒ is plotted in Fig. 2 , and our results show that I(z,t) increases abruptly after the propagation time tϭz/c ͑in Fig. 2 , we take zϭ2c/⍀ 1 ; It is not a necessary choice͒, then decays exponentially, and no interference pattern appears in this case. When ͗m͘ B ϭ0, i.e., the B 0 -mode excitons are initially in vacuum state, as shown in Fig. 2 ͑the solid line͒, our result will go back to the twolevel crystal atoms case 17 due to the using of RWA and neglecting MPP's in the derivation of Eqs. ͑21͒ and ͑22͒, i.e., the mode of exciton being initially in the vacuum state gives no contribution to the dynamics of the total system. Besides, from the dot line (͗m͘ B /͗n͘ A ϭ1) and dashed-dot line (͗m͘ B /͗n͘ A ϭ5) of Fig. 2 , we find that, with the increase of , the amplitude of the light intensity becomes higher, which shows clearly that the amplitude of the light intensity is the where is the phase difference between the two coherent states. The last term in Eq. ͑43͒ gives a nonzero contribution. The detector at z may register a fluorescence signal oscillating at frequency ͉⍀ 01 Ϫ⍀ 02 ͉. The temporal interference phenomenon may be observed by using a broadband detector 40 because there is no way to know that the photon received by the detector is emitted from which modes of excitons. Not knowing the ''which-way'' will result in the so-called quantum beat phenomenon. From Eq. ͑43͒, one can easily find that I(z,t) is oscillating with the time evolution. The detector at z will receive the first peak after the propagation time tϭz/c. The influences of on the time evolution of the light intensity are investigated in Fig. 3 , where we have used ϭ0, i.e., zero phase difference between the two coherent states. Our results show that if one of the two-mode excitons is initially in vacuum state ͑say ␤ϭ0), we recover the normal exponential decay of the light intensity. Besides, the amplitudes of the light intensity become larger with the increase of . The result that the light intensity at initial stage does not go down to zero ͑the dot line and the dashed-dot line͒ is the consequence of unsymmetrical excitation, i.e., the initial generation of the two-mode excitons with different mean numbers.
All our mentioned above are separable state cases, in which the density matrix of the two-mode exciton system can be factorized initially. On the other hand, if the system is initially in an entangled state, e.g., ͉ ex ͘ϭ(1/ ͱ2)(͉0 ͘ A ͉1͘ B ϩ͉1͘ A ͉0͘ B ), one may also observe the quantum beat phenomenon.
The first-order degree of coherence of the light field ͉g (1) ()͉ as a function of the time delay is calculated by substituting Eq. ͑30͒ and its Hermitian conjugate into Eq. ͑19͒. We find that if one of the two-mode excitons is initially in vacuum state, e.g., ͗m͘ B ϭ0, then ͉g (1) ()͉ϭ1 regardless of the another mode state, which implies that single-mode exciton in the 2D crystal slab emits a complete coherent light. Mathematically, the complete coherent light is obtained when ͉g
(1) ()͉ϭ1. This happens when
where E(z,t)ϭ͗Ê (ϩ) (z,t)͘, i.e., two-time correlation function of the total electric field may be factorized as the ensemble averages of the electric fields. As a special case, when there is only one-mode exciton being excited initially, one can easily find that the factorized condition is satisfied. The physical meaning of g (1) () can be understood by considering the visibility of the interference fringes, which is proportional to ͉g (1) ()͉. A maximum visibility of the fringes is obtained when ͉g (1) ()͉ϭ1. If both the two-mode excitons are populated initially with ex ϭ A B and both A and B being diagonal in Fock representation, the factorized condition of the two-time correlation function is broken, which leads to 0Ͻ͉g
(1) ()͉Ͻ1. The magnitude of the first-order degree of coherence for this case is
.
͑45͒
We find that ͉g (1) ()͉ oscillates regularly with , as shown in Fig. 4͑a͒ . The magnitude of the first-order degree of coherence also depends on : the larger the degree of unsymmetrical excitation is, the smaller the oscillating amplitude of ͉g (1) ()͉ is. When →ϱ, ͉g (1) ()͉ tends to 1. For the case of the excitons being initially in a factorized coherent state, as shown in Fig. 4͑b͒, ͉g (1) ()͉ is equal to 1 due to the satisfaction of the factorized condition.
The second degree of coherence ͉g (2) ()͉ as a function of is also calculated. We find that, when one of the two-mode excitons is initially in a vacuum state ͑say ͗m͘ B ϭ0), then ͑1͒ ͉g (2) ()͉ϭ2, for the case of the other mode exciton be- Fig. 2. ing in a chaotic state, ͑2͒ ͉g (2) ()͉ϭ1Ϫ1/n, for the case of the A 0 -mode excitons being initially in a Fock state, ͑3͒ ͉g (2) ()͉ϭ1, for the coherent-state case. If both the twomode excitons are populated initially, we find that ͉g (2) ()͉ oscillates regularly with , and the oscillating amplitude of ͉g (2) ()͉ becomes smaller with the increase of .
V. NONPERTURBATION APPROACH WITHOUT THE WWA
In general, the rotating-wave approximation and Weisskopf-Wigner approximation are used frequently in quantum optics to study the fluorescence emitted from a single-atom system. However, for the case of exciton radiance from a multiatom system, we do not know exactly if they are valid because of the superradiant feature of excitons. In this section, we will restudy the fluorescence of Frenkel excitons in the V-typed crystal slab by using nonperturbation approach 3, 6 without the rotating-wave approximation in the interaction Hamiltonian (e/mc)p•A. The self-interaction term (e 2 /2mc 2 )A 2 is also included in our model to avoid unphysical roots in the characteristic equations for the exciton dispersion relation. 17 Both the stimulated emission and reabsorption effects are taken into account in the theoretical treatment. We focus our attention on the radiative decay rates of the excitons and the light intensities for various exciton initial states to compare with our previous results in Sec. IV.
The interaction Hamiltonian H 1 between the Frenkel excitons and photons without RWA has been given in Eq. ͑8͒ in Sec. II. Our further discussion will also take the selfinteraction term (e 2 /2mc 2 )A 2 into account. In second quantization, this self-interaction Hamiltonian is written as
where e q is the unit polarization vector of the (q,)-mode photon with ϭ1,2. The sum ͚ , Ј e q •e q Ј Ј had been given for the two-level atom case 44, 17 with certain assumptions. Following them we can give a similar result for the V-type three-level case ͑the detailed calculations are presented in Appendix B͒:
By making use of
we can get the self-interaction Hamiltonian of photon Ĥ 2 . The Heisenberg equations for exciton and photon operators can be obtained from the total interaction Hamiltonian Ĥ int ϭĤ 1 ϩĤ 2 ͓Eq. ͑C1͒ in Appendix C͔. Performing half-side Fourier transformation ͑HSFT͒
on both sides of the equations, four algebraic equations about A k (), B k (), a q (), and a Ϫq † () are obtained as listed in Appendix C. Combining these equations we get a q ͑ ͒Ϫa Ϫq † ͑ ͒ϭ 2 where
for sufficiently large L.
From the explicit form of the electric-field operator, the radiative decay rates of Frenkel excitons can be solved. For the sake of simplicity, we will restrict ourselves to the monolayer case Nϭ1, in which only zero wave vector of excitons is involved in our model. Solving the two coupled equations for A 0 ()ϪA 0 † () and B 0 ()ϪB 0 † () ͓see Eqs. ͑C13͒ and ͑C14͒ in Appendix C͔, we get two independent equations
for jϭ1,2,3. F 00 ( j) () for jϭ1,2 give the exciton wave function's overlap for the A 0 -and B 0 -mode exciton, respectively, however F 00 (3) () is that between the two modes. Note that MPP has been taken into account in Eqs. ͑54͒ and ͑55͒. Then, we get the same characteristic equations for decay rates and frequency shifts of the two exciton modes A 0 and B 0 ,
. ͑58͒
The roots of Eq. ͑57͒ can be solved exactly, which determine the poles of A 0 ()ϪA 0 † () and B 0 () ϪB 0 † (). The imaginary parts of the roots are the decay rates of the excitons, and the real parts are the renormalized physical frequencies. For the case ⍀ 1 ϭ⍀ 2 ϭ⍀, i.e., the degenerate case, we get
For the nondegenerate case ⍀ 1 ⍀ 2 , we assume that the physical roots of the characteristic equation are not far away from Ϯ⍀ j due to the condition j Ӷ⍀ j . Therefore, one can expand up to third order of j /⍀ j , and get
where j with jϭ1,2 are given in Eqs. ͑23͒ and ͑24͒.
We compare our results with the two-level lattice atom case, 17 in which the radiative decay rate of excitons is ϭ3( 2 /a 2 )␥, where ␥ is the decay rate of an isolated lattice atom, ϭc/⍀ denotes the reduced wavelength, and physical frequency is ⍀ 0 ϭ⍀͓1Ϫ 2 /8⍀ 2 ͔. However, we see from Eq. ͑62͒, for the three-level lattice atom case, the decay rates ⌫ j are different from the two-level atom case j by a third-order correction, which comes from MPP ͑includ-ing stimulation emission, absorption, and other high-order processes͒. Here ⍀ 01 Ϫ⍀ 1 and ⍀ 02 Ϫ⍀ 2 denote the frequency shifts for the A 0 -mode and B 0 -mode exciton, respectively. For the two-level case the frequency shift is 2 /8⍀ 2 , whereas for the three-level case considered here, the phase shifts for the two-mode exciton are i
The last term in the frequency shifts is a second-order correction, which can be adjusted by tuning the energy spacing of the upper two levels of the lattice atoms.
In the remainder of this paper, we will present the explicit expressions of the electric-field operator. The time evolution and spatial distribution of the light intensity are calculated to compare with the results of RWA in Sec. IV.
From Eqs. ͑54͒ and ͑55͒, the explicit expressions for A 0 ()ϪA 0 † () ͓Eq. ͑C15͔͒ and B 0 ()ϪB 0 † () ͓Eq. ͑C16͔͒ are obtained. Replacing them into Eq. ͑51͒, we get the explicit light field operator in terms of the initial exciton field operators:
where we have neglected the quantum noise terms proportional to a q (0) and a Ϫq † (0) in the above calculation. Substituting a q ()Ϫa Ϫq † () into Eq. ͑53͒ and choosing a proper contour integration in the upper complex q plane, we get E(z,) in the positive z region outside the crystal slab as the following:
E͑z, ͒ϭiͱ
where A is the area of the layer. As mentioned above, we choose the normalization volume of the light field as AL.
The electric field E(z,t) in the positive z region outside the crystal slab can be calculated by Eq. ͑52͒. For the case zϪctϾ0 (Ͻ0), the contour integral over d can be performed by choosing the integration path in the upper ͑lower͒ complex plane. The result is that E(z,t)ϭ0, for zϪct Ͼ0; but for zϪctϽ0,
The explicit expression for E (ϩ) (z,t) in Appendix C shows that, in positive z region, the electric field generated by the two-mode exciton is damped exponentially with two eigendecay rates ⌫ 1 and ⌫ 2 . The corresponding eigenmodes are linear combinations of A 0 and B 0 modes. The electric field in negative z region can also be derived similarly and shows that it is a damped wave propagating in the negative z direction. Since all the roots of the characteristic equation are in lower half plane of complex plane, then E(z,t)ϭ0, for zϪctϾ0, so our result is reasonable and obeys the causal rule.
Similarly, we can also calculate the positive-frequency part of the electric-field operator, which is determined by a q (). The explicit expression of a q () can be obtained by substituting Eqs. ͑C15͒ and ͑C16͒ into Eq. ͑C4͒ ͑see details in Appendix C͒ and omitting quantum noise terms. We get
Therefore, we get G. R. JIN, P. ZHANG, YU-XI LIU, AND C. P. SUN PHYSICAL REVIEW B 68, 134301 ͑2003͒
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A straightforward calculation gives the following results:
in which the time-dependent coefficients F A (Ϯ) (z,t) and F B (Ϯ) (z,t) are
where j , for jϭ1,2,3,4, are four roots of the characteristic equation of Eq. ͑57͒. We again need to carry out the integration over d q in the above two equations. It is easy to prove that F A (ϩ) (z,t) can be simplified as ͬ ,
͑72͒
where the four coefficients are
The above integral over d q can be done as Sec. IV. The explicit expressions of F A (Ϫ) (z,t) and F B (Ϯ) (z,t) can also be obtained with the same calculations. Our results also confirm the causal rule.
For an arbitrary exciton initial state ͉ ex ͘, the light intensity is defined by Eq. ͑18͒. When the excitons are initially in a state with density matrix (0)ϭ A B , and both A and B diagonal in Fock representation, the light intensity is
which is shown in Fig. 5 . When ͗m͘ B ϭ0, the solid line, our result will go back to the two-level lattice atom case. 17 From the dot line (͗m͘ B /͗n͘ A ϭ1) and dashed-dot line (͗m͘ B /͗n͘ A ϭ5) of Fig. 5 , we find that with the increase of , the amplitude of the light intensity becomes higher, which is the same as that obtained by using RWA ͑Fig. 2͒. Contrary to the results of Sec. IV, however, when we consider it without RWA, the light intensity does not decay exponentially but in an irregular way due to the existence of counterrotating terms in E (ϩ) (z,t). Besides, it also deserves to be mentioned that the contributions of the nonrotating terms do not appear as quivers presented in Ref. 17 .
For the case that the two-mode excitons are initially in a factorized coherent state, the light intensity becomes
where the last term 6 . We find that the first peak ͑at tϭz/c) of the light intensity becomes lower in amplitude with the increase of the phase difference from ϭ0 to ϭ ͑monotonic regime͒. In fact, the whole curve will be shifted left with the increase of the phase difference within the monotonic regime, which leads to the magnitude of the peak ͑at tϭz/c) becoming lower ͓comparing Figs. 6͑b͒ and 6͑c͒ with Fig. 6͑a͔͒ . When ϭ, I(z,tϭz/c) tends to zero, i.e., the first peak disappears ͓see Fig. 6͑c͔͒ . Our results also show that both the phase difference and the degree of unsymmetrical excitation do not affect the oscillation frequency of the light intensity, which is determined by the exciton splitting. The oscillation behavior in the light intensity may take place as long as ͉⍀ 01 Ϫ⍀ 02 ͉Ͼ⌫ j , i.e., the exciton splitting is greater than the natural linewidth of exciton, so that one can observe the beating phenomenon within the lifetime of the exciton.
The spatial distribution of the light intensity is plotted in Fig. 7 for the case that the two-mode excitons are initially in a factorized Fock state. Our results show that I(z,t 0 ) increases exponentially ͓see Eq. ͑42͔͒ within the regions 0 Ͻ͉z͉Ͻct 0 for the case of rotating-wave approximation, and vanishes immediately as ͉z͉ goes beyond ct 0 . The solid lines in Fig. 7 are obtained without RWA and show smallamplitude oscillations due to the contribution of counterrotating terms. Compared with the results of Ref. 17 our results show that not only the electric field E(z,t) but also the light intensity I(z,t) do meet the requirement of causal rule.
VI. CONCLUSION
In summary, we have studied the collective radiations of a collection of many V-type three-level atoms in a crystal slab. By introducing two-mode exciton operators in the large N limits of the collective quasispin operators, these coherent radiations can be depicted as the fluorescence of low-density Frenkel excitons. The exciton fluorescence exhibits the stronger coherence natures that the statistical characters of spectrum are identical from the initial to final stages. This is indeed different from the ensemble situation with freemoving atoms that the atoms need a finitely long time to produce a cooperative radiation, the enhanced fluorescence.
As a main result of this paper, the occurrence of the quantum beat aroused from which quantum states of Frenkel ex- citon is investigated in this paper. Our results show that not all the quantum states of excitons may lead to the oscillating behavior in the light field radiated from the two-mode excitons. This quantum interference phenomenon may be observed when the two-mode excitons are initially in a factorized coherent state or an entangled state. We expect that our theoretical study of quantum beat would be helpful in practical experiment to measure quantum states of excitons. Further study of the anharmonic exciton-exciton interaction in the model is needed. It is also pointed out that the algebraic consideration for the definition of the multimode excitons can be generalized to study other exciton system, e.g., the quasispin wave collective excitations of ⌳-type atom collection in lattice of crystal that can be used as a new type quantum memory. definition of exciton operator. Physically, this description will clarify why the conception of the exciton based on the collective operators of many atoms can be valid only in the case of low excitation. We first discuss SU͑2͒ algebra structure of excitonic operators for the two-level many-atom system, since the SU͑3͒ case for the 2D crystal slab containing V-type three-level atoms shares the same basic idea as that of SU͑2͒. The detailed discussions for the SU͑3͒ case will follow that of SU͑2͒ in this appendix.
We consider an ensemble of N two-level atoms with their ground states ͉g͘ j and the excited ones ͉e͘ j . Since we can define the quasispin with the Pauli operators
the total quasiangular momentum operators
define a representation with the highest weight JϭN/2. The (2Jϩ1)-dimensional irreducible spinor representation of SU͑2͒ in the symmetric subspace is embedded in the total Hilbert space of dimension 2 N . For a physics system with dynamical SU͑2͒ symmetry, its Hamiltonian Ĥ ϭĤ (Ĵ Ϫ ,Ĵ ϩ ,Ĵ z ) is a functional of Ĵ Ϯ and Ĵ z . Since the Casimir operator Ĵ 2 commutes with Ĵ Ϯ and Ĵ z , the eigenvalue J(Jϩ1) will keep conservation in the time evolution. Here, J can take one of the integers and half integers N/2,N/2Ϫ1, . . . ,0. In a physical process, which one of these J takes depends on the initial state of the atomic ensemble. The symmetric state ͉JϭN/2,M ϭϪN/2͘ϭ͟ iϭ1 N ͉g͘ i represents the ''condensate'' with all atoms filling in the ground state. It is very similar to the situation of an electronic system that the filling in ground state forms the Fermi surface. In this sense, we can introduce the atomic collective excitation operators
which is very similar to the exciton operators for an electronhole pair. Considering
as one solution for the basic angular momentum relation
the commutation relation for atomic collective excitation operators
will be reduced to the bosonic relation ͓B ,B † ͔ϭ1 for those angular momentum states ͉J,M ͘ with much smaller M in comparison to Nϭ2J. That is to say, in the limit with very large N and low excitation, the collective excitation behaves as a boson and thus we call it atomic exciton. The detailed proof for this was given in Ref. 24 by considering the physical realization of q-deformed boson algebra 45 for a very large, but finite N. The main point to prove is that
approaches Ϫ1/2 for the infinite N and the low excitation.
Since the operators can make sense by acting on the symmetric space, only for those low excitation states ͉J,M ͘ with very small M can we let the value of Ĵ ϩ Ĵ Ϫ /N 2 approach zero, so that the bosonic commutation relation is obtained. We can also prove that
which means that the free part of the many-atom Hamiltonian can rationally be described as a free boson in the large N and the low excitation.
Because the condensate in a ground state plays the crucial role in defining the exciton operators, the introduction of exciton operators has to depend on the configuration of the atoms and thus on the form of interaction. This is just the line, along which we will define the exciton operators for the V-type atomic system with the interaction Hamiltonian
͑A10͒
It is easy to prove that
ii ͗g͉, 
͑A16͒
where tan ϭ͉␣͉/ͱN and ␣ϭ͉␣͉e i . The coherent nature of this many-atomic state is reflected by the fact that both and are independent of the index j of atoms. The quantum states of B-mode excitons can also be constructed by using the same procedure as discussed above. 
͑B4͒
Substituting ͚ , Ј e q •e q Ј Ј into f (q,qЈ), we get Eq. ͑45͒ in Sec. V. It is noticed that, for the case with single direction polarization of light, ͚ , Ј e q •e q Ј Ј ϭ1 strictly. The cutoff of the complete relation for the sum by only three levels, however, will lead to the departure from 1. Only with this cutoff approximation the exactly solvable mode is built for the two-mode excitons coupling to the quantized electromagnetic fields.
where only the initial photon operators and the exciton operators are concerned. 
͑C12͒
The above results will be used to determine a q () Ϫa Ϫq † () explicitly in Sec. V. For the single-lattice layer case, ignoring the quantum noise terms proportional to a q (0) or a Ϫq † (0) induced by the background light field, we obtain the coupled equations of the exciton operators:
